Abstract-This paper studies the efficiency of subgrade stiffening next to the track as a mitigation measure for railway induced vibrations by means of a two-and-a-halfdimensional coupled finite element -boundary element methodology. The pyhsical mechanism is interpreted in the frequency-wavenumber domain, illustrating that the stiffened block of soil next to the track can act as a wave impeding barrier. The existence of a critical frequency from which this mitigation measure starts to be effective, as well as a critical angle delimiting the area where the vibration levels are reduced, is demonstrated in this paper. Two realistic case studies are discussed to indicate that the effectiveness of the proposed mitigation measure depends on the stiffness contrast between the soil and the stiffened block of soil.
I. INTRODUCTION
V IBRATIONS and re-radiated noise in buildings due to railway traffic are a matter of growing environmental concern. Vibrations due to railway traffic are generated by dynamic interaction between the wheels and the rails due to wheel and rail unevenness. Vehicle-track interaction results in dynamic axle loads which are transferred by the track to the soil. Vibrations propagate as elastic waves in the soil and excite nearby buildings through the foundations. In a frequency range between 1 Hz and 80 Hz, these vibrations are experienced as mechanical vibrations of the human body, while at higher frequencies between 16 Hz and 250 Hz, the vibrations are perceived as low-frequent noise radiated by building parts.
During the last decades, a lot of research has been performed to obtain efficient and cost-effective vibration countermeasures [1, 2] . Generally spoken, three categories of vibration reduction methods can be distinguished. The most effective way is to tackle the problem at the source as this has an effect on all the surrounding structures. These methods, which include ballast mats, soft railpads and floating slab tracks [3] , are frequently used for new railway infrastructure, but are far too expensive to retrofit existing railway lines. The modification of the propagation path is a second way to reduce the vibration levels. This can for instance be achieved by means of a vibration isolation screen in the soil [4] , but its practical implementation is limited due to the high costs. The third category of vibration reduction methods embraces measures taken at the receiver side, such as base isolation [5] , but these are only effective for the particular structure under concern.
Renewed attention has recently been paid to vibration reduction technologies on the transmission path, but realized close to the track so that they can be regarded as part of the railway infrastructure [6, 7] . These measures include trenches, buried wall barriers, subgrade stiffening, wave impeding blocks and wave reflectors. Subgrade stiffening is often applied for railway tracks on soft soils to improve the soil beneath the track with the aim of reducing settlements or track displacements [8] . Common techniques to obtain the desired stiffening are deep vibro compaction, deep soil mixing, gravel or cement columns, hydraulic fracture injection with stable cement-bentonite mixtures, vacuum consolidation, . . . [9] Subgrade stiffening is also known, however, to lead to reduced levels of ground-borne vibrations due to the increase of the effective stiffness of the soil beneath the railway track. Vibrations are therefore expected to be reduced in the lower frequency range for all vehicle speeds and at all distances from the track. Subgrade stiffening seems to be a good solution for sites with an originally soft soil [10] .
It is believed that interventions under the track are the most efficient. This may however be undesired for a railway operator, as there could be a risk for track uplifting. Furthermore, the installation under the track often requires an interruption of train traffic. This paper therefore focuses on subgrade stiffening next to the track as an efficient and cost-effective vibration mitigation measure.
The text organized as follows. Section II summarized the 2.5D coupled finite element -boundary element methodology employed in the analysis. The physical mechanism is investigated in section III, revealing that a stiffened block of soil next to the track can act as a wave impeding barrier. The applicability of this mitigation measure is finally illustrated by means of two case studies in section IV.
II. THE NUMERICAL MODEL
A coupled finite element -boundary element (FE-BE) methodology formulated in the frequency domain which accounts for dynamic soil-structure interaction (SSI) is employed [11] . Finite elements are used to model the track and the block of stiffened soil next to the track, while boundary elements are used to model the soil. Green's functions for a horizontally layered halfspace are used as fundamental solutions in the BE formulation [12, 13] . By assuming invariance of the geometry in the longitudinal direction, a computationally efficient two-and-a-halfdimensional (2.5D) approach can be applied. The longitudinal coordinate y is transformed to the wavenumber k y by means of a Fourier transform, defined as F [ f (y), k y ] = +∞ −∞ f (y) exp(ik y y) dy, and all calculations can be performed in the frequency-wavenumber domain.
If N structures are considered, a weak variational formulation of the equilibrium of structure j ( j = 1, . . . , N) results in the following set of coupled FE-BE equations:
where a tilde above a variable denotes its representation in the frequency-wavenumber domain.ũ j (k y , ω) collects the nodal degrees of freedom of structure j, whileK j (k y , ω) and M j are the stiffness and mass matrix of this structure. K s jk (k y , ω) are the dynamic stiffness matrices of the soil, which represent the through-soil coupling of structures j and k for j = k. The force vectorf j (k y , ω) results from the external forces on structure j [11] . The number of structures N is equal to 1 in the reference case (where only the track is considered), while N = 2 if the block of stiffened soil is introduced next to the track.
III. PHYSICAL MECHANISM
In order to gain insight in the physical mechanism of the proposed mitigation measure, the efficiency of subgrade stiffening is first assessed in case of a homogeneous viscoelastic halfspace.
A. Dynamic properties of the track, the soil and the stiffened soil Figure 1 depicts a cross section of the considered track. The track consists of UIC 54 rails supported by rail pads on concrete sleepers, which are founded on a ballast layer and the embankment. Although the track has a periodic layout due to the discrete support of the sleepers, the longitudinally invariant model outlined in section II with equivalent characteristics is used. Knothe and Wu [14] have demonstrated that such models provide a reliable prediction up to 600 Hz. A detailed description of the governing equations of the rails/rail pads/sleepers-system can be found in [15] .
A ballast layer with a thickness t = 0.30 m (under the sleepers) is also included in the track model. The ballast has a shear wave velocity C s = 340 m/s, a dilatational wave velocity C p = 635 m/s, a density ρ = 1700 kg/m 3 and a material damping ratio β s = β p = 0.020 in both deviatoric and volumetric deformation. The embankment has a thickness t = 1.50 m, a shear wave velocity C s = 140 m/s, a dilatational wave velocity C p = 290 m/s and a density ρ = 1700 kg/m 3 . The same material damping ratios as for the ballast are used. The remaining geometric dimensions of the ballast and embankment are indicated on figure 1 .
The halfspace has a shear wave velocity C s = 200 m/s, a dilatational wave velocity C p = 400 m/s, a density ρ = 2000 kg/m 3 and a material damping ratio β s = β p = 0.025 in both deviatoric and volumetric deformation. The phase velocity C R of the Rayleigh waves is equal to 186 m/s [16] .
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The reference case outlined above is compared to the case where a block of soil with a width and depth of 2 m located at 1 m from the tail of the embankment is stiffened by means of hydraulic fracture injection. The stiffened block of soil has a shear wave velocity C s = 550 m/s, a dilatational wave velocity C p = 950 m/s, a density ρ = 2000 kg/m 3 and a material damping ratio β s = β p = 0.050 in both deviatoric and volumetric deformation.
The ballast, the embankment and the stiffened block of soil are modelled by means of eight-node quadrilateral finite elements, which are coupled to a conforming boundary element mesh for the surrounding soil. The element dimensions are limited in order to ensure that at least 8 elements per wavelength are used up to 100 Hz.
B. The numerical prediction of railway induced vibrations
The numerical prediction of railway induced vibrations embraces several subproblems, such as the calculation of the response to moving loads, the train-track interaction problem and the track-soil interaction problem [15, 17] .
The response in the free field at distances sufficiently far from the track is dominated by vibrations generated by dynamic excitation, if the train speed is small compared to the Rayleigh wave velocity C R . Although several mechanisms contribute to the generation of these dynamic axle loads, often only the axle loads originating from the track unevenness are taken into account [15] . The dynamic axle loads due to the unevenness can be calculated based on a compliance formulation, which requires the vehicle and track compliance. These interaction forces are subsequently combined with the transfer functions between the track and the free field, which are determined by solving the track-soil interaction problem.
In the next subsections, the influence of subgrade stiffening on the rail receptance (and thus the track compliance) will be investigated separately from its influence on the transfer functions between the track and the free field.
C. The rail receptance in the frequency domain
A unit harmonic vertical point load is applied to the right rail at y = 0 m. The response in the frequencywavenumber domain is found from the solution of equation (1). The response in the frequency-spatial domain can be found by means of an inverse Fourier transform of the frequency-wavenumber content: Figure 2 shows that the rail receptanceû r is not modified by the presence of the stiffened block of soil next to the track, in the frequency range considered. The track compliance, and hence the dynamic axle loads, will remain unaffected, which implies that the efficiency of subgrade stiffening can be assessed by investigating the transfer functions only. 
D. The free field impulse response in the frequencywavenumber domain
Solving the coupled FE-BE equation (1) provides the displacements of the track and the stiffened block of soil in the frequency-wavenumber domain. The wavenumber domain integral representation theorem [11] subsequently allows to calculate the radiated wavefield in the soil. Figure 3a and 3b show the modulus of the vertical free field velocity iωũ z x = 64 m,k y , ω, z = 0 m in function of the dimensionless longitudinal wavenumberk y and the frequency ω/2π in the reference case and in case of stiffening next to the track, respectively. The dimensionless wavenumberk y is defined ask y = k y C s /ω = C s /C y , where C s is the shear wave velocity of the halfspace and C y is the phase velocity of the waves. Superimposed on both figures is the dispersion curvek y =k R = C s /C R of a Rayleigh wave propagating in the y-direction. This dispersion curve corresponds to a horizontal line due to the non-dispersive character of the Rayleigh wave in a homogeneous halfspace, and is equal tok R = 1.073 as the halfspace has a Poisson ratio ν = 1/3.
The contribution of longitudinal wavenumbersk y larger thank R to the free field response is very limited, as can be seen in figures 3a and 3b. This is due to the fact that the lateral wavenumberk x = −i k2 y −k 2 R is imaginary for k y >k R , and the wave propagation in the x-direction hence becomes evanescent.
The efficiency of a mitigation measure can be quantified in the frequency-wavenumber domain through the vertical insertion lossĨ L z (x,k y , z, ω):
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Figure 3c can physically be explained by regarding the stiffened block of soil next to the track as an infinitely long beam. The partial differential equation describing the transversal deflection u z (y,t) of a Timoshenko beam can be transformed to the frequency-wavenumber domain and reads as follows [18] :
where E is the Young's modulus, µ is the shear modulus, ρ is the density, A is the cross sectional area, I is the moment of inertia and κ is the shear coefficient of the beam. Figure 4 shows the normalized admittance |Ỹ (k y , ω)/Ỹ (k y = 0, ω)|, where the admittanceỸ (k y , ω) is defined as the ratio of the transversal velocity iωũ z (k y , ω) and the external loadingf (k y , ω). The dimensionless wavenumberk y is defined above. The dispersion relation follows from equation (4) and can be written as:
The dispersion relation (5) embraces two branches of the dispersion curve, which correspond to a bending and shear mode, respectively [18] . Below a certain cut-on frequency equal to 1 2π κµA ρI , there is only one branch which corresponds to real wavenumbers, and thus a propagating (bending) mode. The cut-on frequency equals 138 Hz in the present case, which implies that only the bending mode is of importance in the frequency range considered.
Superimposed on figure 4 is the dispersion curvek y =k b of a free bending wave in the beam which satisfies the dispersion relation (5). This figure clearly illustrates that the amplitude of propagating bending waves in a beam becomes very small for wavenumbersk y larger thank b , which equivalently corresponds to wavelengths λ y smaller than the free bending wavelength λ b . The response is then indeed dominated by the bending stiffness of the beam and the amplitude decreases proportionally to k −4 y at a given radial frequency ω (cfr. equation (4)). Figure 3c can now be interpreted based on the interaction of the Rayleigh wave in the soil and bending waves in the stiffened block of soil. At low frequencies, the wavenumberk b is larger than the wavenumberk R , and the Rayleigh wave propagates through the stiffened block of soil without being affected. From a critical frequency on, the wavefield contains propagating plane waves (k y ≤k R ) with a wavenumberk y larger thank b . The transmission of these plane waves is impeded by the block of stiffened soil as soon ask y is slightly larger thank b (cfr. figure 4) . This explains why the zone of significant insertion loss in figure 3c is clearly delimited by the free bending wave dispersion curve. The critical frequency f c from which the stiffened block of soil can act as a wave impeding barrier is determined by the intersection of the Rayleigh wave and the free bending wave dispersion curves:
which equals 12 Hz in the actual case. It is clear from the discussion above that the stiffened block of soil can only be effective for frequencies above f c . Equation (6) reveals that the critical frequency strongly depends on the stiffness contrast between the soil and the stiffened block, indicating, as expected, that this mitigation measure is more suitable for sites with a soft soil.
The propagating plane waves (k y ≤k R ) are characterized by a wave propagation direction θ = sin −1 k y /k R ( figure   5 ). As a result, a reduction of vibration levels will in the spatial domain only be obtained in an area delimited by a critical angle θ c (ω) = sin
where the plus/minus sign corresponds to the first and second branch of the dispersion curve, respectively. As indicated above, only the first branch is of interest in the frequency range considered. At limiting high frequencies, the critical angle related to this branch can be approximated as: Figure 3c furthermore exhibits a regular pattern of regions where an increased insertion loss can be observed, for 0 <k y < s, where s = C s /C p = 0.5 in the present case. This can be explained by the fact that the P-wave travels faster through the stiffened block of soil than in the halfspace, which introduces a phase shift between the wave fronts in the reference case and in case stiffening next to the track is included. The combinations (k y , ω) resulting in a phase shift which equals a multiple of 2π can be found from the following expression:
with x = 64 m the location under consideration, w = 2 m the width of the stiffened block of soil and ∆C p = 550 m/s the difference in dilatational wave velocities between the halfspace and the stiffened block. Lines corresponding to combinations (k y , ω) which satisfy equation (9) are superimposed on figure 3c. These lines coincide almost perfectly with the regions where an increased insertion loss is observed, especially at frequencies above 50 Hz, as the 9th National Congress on Theoretical and Applied Mechanics, Brussels, 9-10-11 May 2012
waves then start to notice the presence of the stiffened block. The physical mechanism which forms the basis of the effectiveness of subgrade stiffening next to the track has in this section been interpreted in the frequency-wavenumber domain. In the following, it is shown how this mechanism manifests itself in the frequency-spatial domain.
E. The free field impulse response in the frequency-spatial domain
The track and soil response in the frequency-spatial domain can be found by means of an inverse Fourier transform, as defined by equation (2) . Figure 6a and 6b show the real part of the vertical displacement fieldû z due to unit harmonic vertical point load applied to the right rail at y = 0 m at 5 Hz in the reference case and in case of stiffening next to the track, respectively. The Rayleigh wavelength λ R = C R / f in the soil is much larger than the width of the track, resulting in a wave field characterized by nearly cylindrical wave fronts. The corresponding insertion loss IL z is shown in figure 6c . As the considered frequency is smaller than the critical frequency f c , the stiffened block of soil is unable to impede the propagation of the Rayleigh wave, and the insertion loss is zero on almost every location of the grid. ure 7c, which confirms that a significant reduction of vibration levels is obtained for θ > θ c . The insertion loss reaches 10 dB and more in this region. The reduction is not only attained on the surface of the halfspace, but also at depth, although some localized areas at depth can be identified where an amplification of vibration levels with respect to the reference case takes place. The angle sin −1 s/k R = sin −1 (0.50/1.073) = 28 • is also indicated on figure 7, which delimits the area where an interference pattern can be observed due to the fact that the wave fronts are slightly shifted relative to each other (cfr. equation (9)). Lines of constructive and destructive interference between direct and reflected Rayeigh waves can furthermore be observed at the opposite side of the track (i.e. where no soil stiffening is applied). quency f c , predominantly in the area delimited by the critical angle θ c (ω). The consequence is that the reduction in points located on a line perpendicular to the track at the position where the load is applied will be less than in other points. This is confirmed in figure 9 , which shows the free field mobility at a lateral distance of 24 m from the center of the track, at y = 0 m and at y = 24 m. This implies that, if the passage of a train is considered, the contribution of the dynamic axle loads moving toward or away from the location of concern will be mitigated more effectively than the contribution of the dynamic axle loads located close to the considered location. 
IV. CASE STUDIES
The example put forward in section III considering a homogeneous halfspace has allowed to gain insight in the physical mechanism of soil stiffening next to the track. In this section, two realistic case studies are discussed to indicate that the effectiveness of this mitigation measure critically depends on the soil characteristics of the site where it is applied to.
A. Site near Gerona
In the first case, a site located on the high speed line between Barcelona and Gerona is considered. The same dynamic properties of the track and the stiffened block of soil next to the track as in section III are used. The soil at this site consists of coarse gravel immersed in sandy clay (alluvial deposits) on sandstone, conglomerates and clay (tertiary deposits) [19] . Geotechnical tests (active and passive SASW tests, seismic refraction tests) have been performed in order to obtain the dynamic soil characteristics, which are listed in table I. This table indicates that the layered halfspace consists of relatively stiff layers, with the ground water table at a depth of 2 m. The propagation of Rayleigh waves is dispersive due to the variation of the soil properties with depth. Multiple modes with associated cut-on frequencies exist. Figure 10 shows the dimensionless Rayleigh wave dispersion curves k R = k R C s1 /ω, where C s1 indicates the shear wave velocity of the top layer. Six modes exist in the considered frequency range.
The insertion lossĨ L z x = 64 m,k y , ω, z = 0 m between the reference case and in case of stiffening next ot the track is shown in figure 10 . The insertion loss is only shown in the range where propagating waves exist. This figure reveals that the physical mechanism outlined in section III still holds in case of a layered halfspace, as the region where a significant insertion loss is obtained is bounded by the fundamental Rayleigh wave dispersion curve and the free bending wave dispersion curve. The critical frequency f c can be determined by iteratively solving equation (6) , where C R has to be replaced by C R ( f ) due to the dispersive nature of the Rayleigh wave. Due to the modest stiffness contrast between the soil and the stiffened block of soil, the critical frequency is as high as 51 Hz. This suggests that application of soil stiffening next to the track at the considered site is not an efficient and cost-effective measure to mitigate railway induced vibrations.
An interference pattern can furthermore be observed in figure 10 at high frequencies and low wavenumbers. This pattern is, however, more complicated than in case of a homogeneous halfspace (figure 3c) due to multiple reflections and refractions at the layer interfaces. Figures 11 and 12 show the real part of the radiated wave fieldû z at a frequency of 30 Hz and 60 Hz, respectively. It is clear that the stiffened block of soil is unable to impede the propagation of the Rayleigh waves at 30 Hz, while it starts to be more effective at 60 Hz. The insertion loss on the surface is, however, less uniform than in case of a homogeneous halfspace. Figure 13 shows the free field mobility at a lateral distance of 24 m from the center of the track, at y = 0 m and at y = 24 m. This confirms that the effectiveness of the proposed mitigation measure at the considered site is very limited.
B. Site near Murcia
In the second case, a site on the Spanish rail network of ADIF connecting Murcia and Orihuela is considered. The same dynamic properties of the track and the stiffened block of soil next to the track as in section III are used. The dynamic soil characteristics at this site are summarized in table II. The soil consists of relatively soft layers. It is important to notice that the layers on top of the halfspace have a lower density than the stiffened block of soil.
The figure 14 . The insertion loss is only shown in the range where propagating waves exist. The dimensionless Rayleigh wave dispersion curves of the first four modes are superimposed on this figure, although a larger number of Rayleigh modes exist in the considered frequency range. The shear wave velocity of the top layer is used to define the dimensionless wavenumbers. The significant stiffness contrast between the soil and the stiffened block of soil results in a low critical frequency of 8 Hz. This indicates that soil stiffening next to the track is very effective at this site. The region where a significant insertion loss is obtained in figure 14 is, as expected, bounded by the fundamental Rayleigh wave dispersion curve and the free bending wave dispersion curve. Figures 15 and 16 show the real part of the radiated wave fieldû z at a frequency of 30 Hz and 60 Hz, respectively. A significant insertion loss is obtained at both frequencies. The reduction does not only appear in the area θ > θ c , but also for angles θ < θ c . While the former can be explained based on the physical mechanism outlined in section III, the latter can be attributed to the additional inertia of the stiffened block of soil with respect to the reference case. Figure 17 shows the free field mobility at a lateral distance of 24 m from the center of the track, at y = 0 m and at y = 24 m. This confirms that the proposed mitigation measure is very effective in a broad frequency range. 
V. CONCLUSIONS
In this paper, the efficiency of subgrade stiffening as a mitigation measure for railway induced vibrations has been investigated. An analysis in the frequencywavenumber domain has clearly illustrated that the stiffened block of soil next to the track can act as a wave impeding barrier. The wave impeding effect does, however, critically depend on the relation between the Rayleigh wavelength in the soil and the free bending wavelength in the block of stiffened soil next to the track. The existence of a critical frequency f c from which this mitigation measure starts to be effective, as well as a critical angle θ c delimiting the area where the vibration levels are reduced, have clearly been demonstrated in this paper.
The expressions for f c and θ c have a practical implication, as they allow to assess the expected efficiency of soil stiffening at a certain site in the early design stage, without the need of an extensive FE-BE calculation.
Two realistic case studies have furthermore been discussed in this paper, taking the layered structure of the soil into account. These case studies have illustrated that the applicability of the proposed mitigation measure strongly depends on the stiffness contrast between the soil and the block of stiffened soil
